Wiener amalgam spaces are a class of spaces of functions or distributions defined by a norm which amalgamates a local criterion for membership in the space with a global criterion. This article presents a proof of a useful convolution relation for amalgam spaces on the affine group.
Introduction
Wiener amalgam spaces are a class of spaces of functions or distributions defined by a norm which amalgamates a local criterion for membership in the space with a global criterion. Versions of such amalgam spaces have arisen independently many times in the literature, and often provide a natural and compelling context for formulating results. As one illustration of the shortcomings of the usual Lebesgue space L p (R) in regard to distinguishing between local and global properties of functions, note that all rearrangements of a function have identical L p norms. Hence it is not possible to recognize from its norm whether a function is the characteristic function of an interval or the sum of many characteristic functions of small intervals spread widely over R.
The first amalgam spaces were introduced by Wiener in his study of generalized harmonic analysis. In particular, Wiener defined in Ref. 6 
, using what we will refer to as a discrete norm for these spaces, namely,
with the usual adjustments if p or q is infinity. A comprehensive general theory of amalgam spaces W (B, C) on a locally compact group G was introduced and extensively studied by Feichtinger, see Refs. 1, 2, 3. Here B is a Banach function space on G whose norm corresponds to the "local" component of the amalgam, and the Banach function space C corresponds to the global component. For an expository introduction to Wiener amalgams on R with extensive references to the original literature, we refer to Ref. 4 .
Wiener amalgam spaces have a number of useful properties. In this article we focus on convolution relations. Let G be a locally compact group. We say that G is an IN-group ("IN" for "invariant neighborhoods") if there exists a neighborhood Q of the identity with compact closure that is invariant under all inner automorphisms. That is, we must have xQx −1 = Q for all x ∈ G. In this case, if B 1 * B 2 ⊆ B 3 and C 1 * C 2 ⊆ C 3 , then we have that
The IN-groups include all abelian groups, and some non-abelian groups such as the reduced Heisenberg group (which is important for time-frequency analysis). Unfortunately, the affine or ax + b group (which is important for wavelet theory) is not an IN-group.
However, there are still interesting convolution relations that do hold for amalgam spaces on non-IN groups. In particular, one such convolution result played an important role in our recent work in Ref. 5 on density conditions and the Homogenous Approximation Property for wavelet frames, namely,
This particular convolution result was proved by Feichtinger and Gröchenig in Ref.
2 for general locally compact groups. It is our purpose in this expository article to give a clear and mostly self-contained proof of this useful convolution relation for the particular case of the affine group. We emphasize that this result is due to Feichtinger and Gröchenig, not to ourselves, and the proof given here elaborates on the proof given in Ref.
2. This paper is organized as follows. In Section 2 we present some background on the affine group and amalgam spaces on the affine group. In Section 3 we prove the convolution relation for the affine group.
Notation and Preliminary Results

General Notation
Let A = R + × R denote the affine group, endowed with the multiplication
The identity element of A is e = (1, 0), and inverses are given by
The left-invariant Haar measure on A is µ = dx x dy. We denote the norm on L p (A) with respect to this Haar measure by · L p (A) , whereas the norm on L p (R) will be denoted by · p . We define left-translation, right-translation, and a renormalized righttranslation on the affine group by
The (left) convolution of two functions F and G on the affine group is defined by
whenever this exists. 
Preliminary Lemmas
We will need the following lemma on the properties of the left Haar measure on the affine group with respect to left-translations, right-translations, and inverses.
Proof. These follow by making appropriate changes of variable in the integrals. We illustrate by proving parts (b) and (d).
Lemmas on Convolution
We need the following lemmas regarding convolution on the affine group.
and
Proof.
Proof. 
Amalgam Spaces on the Affine Group
For our purposes, we will need the following particular amalgam spaces on the affine group.
on the affine group consists of all functions F : A → C such that the norm
is finite, where Φ is a fixed continuous function with compact support satisfying 0 ≤ Φ(x, y) ≤ 1 for all (x, y) ∈ A and Φ(x, y) = 1 on some compact neighborhood of the identity. The amalgam space
is a Banach space, and its definition is independent of the choice of Φ, in the sense that each choice of Φ yields the same space under an equivalent norm. For proofs and more details, see Refs. 1, 2.
We need the following fact regarding equivalent discrete-type norms for the amalgam spaces. The proof is similar to the construction of the sets B jk in Ref. 5. Proposition 2.1. There exists a compact neighborhood Q of (1, 0) in A with Q = Q −1 and there exist points (p n , q n ) ∈ A, n ∈ N, such that the following hold.
Amalgam Spaces and Convolution on the Affine Group
Now we can prove our main result.
Proof. Let Φ be any fixed function with compact support in A satisfying 0 ≤ Φ(x, y) ≤ 1 for all (x, y) ∈ A and Φ(x, y) = 1 on some compact neighborhood of the identity, q n ) , and G n be as given by Proposition 2.1.
Let Φ 1 be any continuous, compactly supported function such that Φ 1 ≥ 0 and Φ 1 (x, y) = 1 for (x, y) ∈ supp(Φ)Q. In particular, we have that
We claim that
To see this, suppose that (a, b) ∈ A is such that
This implies that Φ (x, y)
, and hence
We must show that for such an (a, b) we have
To do this, it suffices to show that
Consequently, (x, y) −1 (p, q) ∈ supp(Φ)Q, and therefore by construction of
Therefore, if we define K n as follows, then we have the following estimates:
whereΦ 1 (x, y) = Φ 1 (x, y) −1 . Since Φ 1 is continuous and compactly supported, we have by Lemma 2.1(c) thatΦ 1 ∈ L 1 (A). Therefore,
(by Lemma 2.1),
with C 1 independent of F , G. Hence,
with C 2 independent of F , G. Since · W A (L ∞ ,L 1 ) and ||| · ||| W A (L ∞ ,L 1 ) are equivalent, this completes the proof.
